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Abstract 

It is sliown how the S-matrix pinch technique may be extended to the cases of external 
scalar and gauge boson fields. Using this extension, the universality of the pinch technique 
gauge-independent one-loop gauge boson self-energy in a general unbroken SU(A^) gauge 
theory is demonstrated explicitly. 
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1. The pinch technique (PT) is a well-defined algorithm for the rearrangement of 
contributions from the conventional gauge-dependent n-point functions occurring in one- 
loop processes to construct gauge- independent one- loop self-energy-like, vertex-like and 
box-like functions in non-abelian gauge theories. First introduced by Cornwall ||^]-|^] 
and further developed by Cornwall and Papavassiliou in the context of QCD, the 

original motivation for the PT was to enable gauge-independent truncation schemes for 
non-perturbative approaches to QCD involving Schwinger-Dyson equations. Since then, 
the PT has also been applied to spontaneously broken gauge theories. The first such 
application was made by Papavassiliou |^] in the context of a simplified Georgi-Glashow 
model. More recently, the PT has been used by Degrassi and Sirlin Q in the electroweak 
sector of the Standard Model to derive explicitly ^-independent electroweak gauge boson 
self-energies in the class of renormalizable gauges. Subsequently, there have been 
various applications in electroweak phenomenology P]-[p^]. 

The PT is based on the observation that in a non-abelian gauge theory, one-loop dia- 
grams which appear to give only vertex or box corrections to tree level processes in fact 
implicitly contain propagator-like components. This property is a fundamental conse- 
quence of the underlying non-abelian gauge symmetry of the theory, be it unbroken or 
broken. For example, in the four-fermion process ipi{p)+'4^i'{p') '^jiP~^Q)~^'^j'{p'~Q), the 
conventional gauge boson one-loop two-point function contribution is as shown schemati- 
cally in fig. 1(a). This conventional two-point contribution is gauge-dependent. However, 
at the one-loop level there also occur the diagrams shown in figs. 1(b), (d) and (f) which 
implicitly contain propagator-like contributions. These propagator-like contributions oc- 
cur when, in the external fermion lines, the vector-fermion-fermion interaction vertices 
coincide. These are the "pinch parts" of the diagrams, shown in figs. 1(c), (e) and (g). 
In a conventional i?^ gauge, the ^-dependence of these pinch parts is such as to cancel 
exactly that of the conventional two-point function. The PT gauge-independent one-loop 
gauge boson self-energy is therefore constructed by adding to the conventional self-energy 
in fig. 1(a) the propagator-like contributions figs. 1(c), (e) and (g) extracted from the 
conventional vertex and box functions. The resulting function is illustrated schemati- 
cally in fig. 1(h). The PT gauge-independent one-loop vector-fermion-fermion vertex 
and four-fermion box functions are then the conventional functions with the pinch part 
contributions subtracted. 

There are three principle formulations of the PT: the intrinsic and the S-matrix for- 
mulations of Cornwall and Papavassiliou, and the current algebra formulation of Degrassi 
and Sirlin. The S-matrix and current algebra versions are explicitly formulated in the 
context of one-loop processes involving on-shell external fermions, while the intrinsic PT, 
although it avoids the explicit embedding in S-matrix elements, starts implicitly from the 
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consideration of fermionic processes. In order however for the self-energies constructed 
in the PT to be intrinsic properties of the gauge bosons, and so to be physicahy mean- 
ingful, clearly a necessary condition is that they should be universal, i.e. independent of 
whether the external fields in the processes from which the self-energies are constructed 
are fermions, scalars or gauge bosons. This necessary condition is in addition to that 
of gauge independence. It has been shown by Degrassi and Sirlin using an indirect 
method, still ultimately involving external fermions, that the same PT electroweak self- 
energies are obtained from the process e^e" — > W^W~ as from e^e~ e~^e~ . However, 
a general and direct demonstration of the PT self-energies' universality is lacking. 

In this letter, it is shown how the S-matrix PT may be extended directly to the cases 
of external scalar and gauge boson fields. Using this extension, the universality of the PT 
gauge-independent one-loop gauge boson self-energy in a general unbroken SU(A^) gauge 
theory is demonstrated explicitly. 

2. We consider an unbroken SU(A^) gauge theory coupled both to fermions of mass 
m in a multiplet ^ with representation matices and scalars of mass M (M^ > 0) in a 
complex multiplet $ with representation matrices i?": 

Ca = -lidf.A'^- duA1^ + gf^'^A^^ADid^A'"' - d'^A'"'' + gf'"^''A'^^'A'"') 

+ [{df, - - igA^'^'R'')^] - M2$t$ _ |^A($t$)2. (1) 

The Feynman rules for the interaction of the gauge boson A'^ with the fermion fields ipi, 
^j, the scalar fields cpk, 4'h the pair of gauge bosons A^, A", the triplet of gauge bosons 
A'-^, A"^, A^ and the scalar and gauge fields (j)k, (f^u A^ are shown in fig. 2. We work in 
the class of conventional gauges. 

In the S-matrix formulation of the PT, one considers the S-matrix elements for the 
scattering of on-shell fermions. For the four-fermion process il^i{p) + ipi'{p') ''Pjip + l) + 
i^j'ip' ~ Q)y the S-matrix element T may be decomposed as 

T{s,t,m) = Ti{t) + T2{t,m) + T3{s,t,m) (2) 

where s = {p + p')"^ and t = (f'. The component Ti, depending (up to trivial external 
wavefunctions) only on the momentum transfer q^, is the full propagator-like component 
of the process. Because of their different dependences on the kinematic variables s and 
t and the fermion mass m, the components Ti, T2 and T3 must be individually gauge- 
independent. 

The gauge-dependent contribution to the S-matrix element of the diagram in fig. 1(a) 
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involving the conventional gauge boson two-point function n(^,g^) is given by 

Fig. 1(a) = (u,ng^f'Tp,,u,,) -J iU{t q^) ^ {ujig^^Tf^u,) (3) 

(the particular indices i,j,i',j' are not summed). The effect of the PT algorithm is to 
extract the contributions (the pinch parts) of the diagrams in figs. 1(b), (d) and (f) which 
have exactly the propagator-like form of eq. (|3|), i.e. a function of between two tree level 
vector-fermion-fermion vertices. Adding these pinch contributions to the contribution eq. 
(|^ gives the component Ti{(p') of the S-matrix element and defines the PT "effective" 
two-point function ti{q^): 

Tiiq^) = (uyig^'^TPi^ue) -J ifliq^) -J (ujig^^^m) . (4) 

Because the component Ti is gauge- independent, so must be the function Il{q^). The PT 
gauge-independent one-loop "effective" gauge boson self-energy tensor is then given by 

K(^)=[9,u-'-f^y'Uiq'). (5) 

The gauge boson on, say, the r.h.s. of fig. 1(a), rather than coupling to the fermion 
pair ipi, xpj, may however couple instead at tree level to a pair of scalar fields cpk, fph or 
a pair of gauge bosons A^, A^, or a triplet of gauge bosons A'--^, A^, A^, or a triplet of 
scalar and gauge fields 0^, 0;, A^. Thus, at the one-loop level, rather than considering the 
process V'iV'i' '^j'^j'^ can instead consider the process cf^k'^'i' ~^ or A'^ipi' — > 

A^ipj', or A'-^^il^ii A^A^ipji^ or 4>kipi' cpiA^il^j'. In each case, the contribution to 
the corresponding S-matrix element of the diagram analogous to fig. 1(a) involving the 
conventional gauge boson two-point function is given by eq. (^ with the vector-fermion- 
fermion vertex term ujig^^Tj'^Ui replaced by the corresponding Feynman rule from fig. 2, 
together with any appropriate polarization vectors. Clearly, the gauge dependence of this 
diagram is independent of the particular on-shell external particles. 

For the given set of external particles, there then remain the one-loop diagrams anal- 
ogous to the vertex and box corrections figs. 1(b), (d) and (f) in the four-fermion case. 
Just as in the four-fermion case, these diagrams implicitly contain propagator-like com- 
ponents (pinch parts), defined as the components proportional to functions of q^ between 
the appropriate tree level Feynman rules of fig. 2. These pinch parts may be added to the 
contribution analogous to eq. (0) from the conventional two-point function to specify the 
"effective" two-point function for the process, giving the full propagator-like contribution 
to the corresponding S-matrix element. The requirement of universality of the PT gauge 
boson self-energy n^^(g) is that it be this "effective" two-point function, independent of 
the species of external particle. We will now show that this is indeed the case. 
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3. In the S-matrix PT with external fermions, the identification of the pinch parts is 
made using the elementary Ward identity 



(pi — m) — (|i — 1^ — m) 
S~^{p; m) — S~^{p — k; m) 



(6) 
(7) 



in the numerator of the Feynman integral for a given diagram, where is the four- 
momentum carried away by the gauge boson and and {p — k)^ are the four-momenta 
of the adjacent fermions. In general, in a conventional gauge, such factors of four- 
momentum k^ arise both from the longitudinal components of the gauge field propagators 
and from triple gauge vertices. For example, in fig. 1(b), with the four-momentum of 
the incoming fermion -0^, the fermion line inside the loop has propagator iS{p — k;m). 
Using the Ward identity eq. (^) for a four-momentum factor /c^ contracted with the Dirac 
matrix 'j^ associated with the lower vector-fermion-fermion vertex, the first term from 
eq. (0) gives zero contribution since (ji — m)ui{p) = for the on-shell fermion, while the 
second term exactly cancels the fermion propagator, so giving a pinch part. A similar 
effect occurs in the upper vertex for a four-momentum factor (q + k)^ contracted with 
and acting on Uj{p + q). Thus, by using the Ward identity eq. (0), the total propagator- 
like contribution of the diagram may be found. The propagator-like contributions of the 
diagrams shown in figs. 1(d) and (f) are identified in a similar way, with in these cases 
four-momentum factors coming only from the gauge propagators. 

Once it is established that the quantity being calculated is gauge- independent, one is 
at liberty to choose the gauge in which the calculation is simplest. Choosing the Feynman 
gauge ^ = 1, the gauge field propagators i-D^^ are proportional to g^u and so the only 
possible source of four-momentum factors with which to generate pinch parts is the triple 
gauge vertex^. Thus, in the Feynman gauge, the diagrams in figs. 1(d) and (f) have 
vanishing pinch parts^ and the entire pinch contribution to the PT self-energy is given by 
the pinch part of the diagram in fig. 1 (b) . 

^ In the class of background field J?^ gauges, the effect of choosing the Feynman gauge = 1 for the 
quantum gauge fields is to eliminate even the background-quantum-quantum field triple gauge vertex as 
a source of such four-momentum factors. This is the reason behind the recent observations [^-[^ that 
at one loop the background gauge boson two-point function calculated in the Feynman quantum gauge is 
identical to the PT "effective" two-point function, both in QCD and the SM electroweak sector. For 7^ 1 
however, this result no longer holds since the background gauge boson two-point function is ^q-dependent. 
Thus, only for = 1 does the background field two-point function give the "effective" two-point function 
between two tree level background gauge boson vertices. Clearly, for 7^ 1, the PT algorithm can be 
applied in the background field formulation to construct again this "effective" two-point function [ ^ . 

^For the case of massless gauge bosons, the pinch part fig. 1(e) of the diagram fig. 1(d) in fact vanishes 
for all values of ^ in dimensional regularization. 
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For the cases of external scalar s and gauge bosons, pinch terms are generated by 
similar factors of four-momentum. For the scalars, the pinch process is exactly similar to 
the fermion case. However, in the case of gauge bosons, there are also pinch terms which 
arise from the additional triple gauge vertices involved. These additional pinch terms are 
the novel feature of the application of the PT to the case of external gauge bosons, and 
must be taken into account. 

The demonstration of the universality of the PT gauge boson self-energy consists in 
choosing the Feynman gauge and then showing that, for each of the possible sets of external 
fields ijjiipj, 4>k(t>ii ^A^/T'^" ^'^d (phft^i^^ to which the gauge boson A" couples at 

tree level, the pinch part of the diagram analogous to fig. 1(b) is the same. The relevant 
half of these diagrams and their pinch part^ are shown in fig. 3. It is easy to show that 
all other one-loop diagrams^ have zero pinch part in this gauge, so that the universality 
is then proved. 

In each case, the gauge boson (A!^) in the lower (upper) part of the loop is taken 
to have four- momentum k (—k — q) flowing into the triple gauge vertex. This vertex may 
be decomposed as originally suggested by 't Hooft [p^ ]: 

rabc fabciT^F , -pP \ /q\ 

a/37 ~ J \ "/37 a/37 J 

where 

^^f3^{(l,k,-q-k) = {2k + q)agf3y -2qpgya + '^q'y9af3 (9) 

'^af3'yi<l^k,-q - k) = -kf3gya - {k + q)ygaf3- (10) 

The part F^^^ gives no pinch contribution and obeys a simple QED-like Ward identity 
q°'T^p^{q, k, —q — k) = [k"^ — {q + A;)^]^^^ involving the difference of two inverse gauge field 
propagators in the Feynman gauge. The part F^^^ gives two pinch contributions, one 
from kp, the other from {k + q)^. 

i) External fermion pair ^j, ipj 
For the case of a pair of external fermion fields ipi, ipj, the subamplitude for the r.h.s. of 
the diagram fig. 3(a) is 

^aiyT^rj^j^^^^WlpTH, (11) 

(for brevity we omit the spinors). The pinch parts of this subamplitude are generated 
by factors of four-momentum k^ and {k + qY' multiplying this expression. Using ^ = 

* It is emphasized that the vertices involving four gauge bosons in figs. 3(d) and (f) are not the usual 
tree level vertices from the lagrangian eq. (|l]). 

^The one-loop diagrams involving the tree level (jxfxjxf'j AAAA or (j}(j)AA vertices with a pair of fields from 
the four-boson vertex appearing as external fields result in contributions which do not have the kinematic 
form of a function of between two of the appropriate tree level vertices of fig. 2. 
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pi — m — (ji — 1^ — m) and (pi — m)ui(p) = for the on-shell incoming fermion, the pinch 
part due to a factor A;^ is 

^^^^^(r-T^)... (12) 

Similarly, using |^ + ^ = pi + j^ — m — (pi — — m) and Uj (p + ?) (pi + — ?n) = for the 
on-shell outgoing fermion, the pinch part due to a factor [k + q)'^ is 

Adding these contributions due to the part T^^^ of the triple gauge vertex and using 
pbcrpcrpb ^ -^iNT" gives the pinch part fig. 3(b) of the diagram fig. 3(a): 

r dP'k 1 

Fig. 3(a) |pi„,h = -^g'N^,''^ j ^ ^dlaT^i (14) 

(we use always dimensional regularization in n = 4 — 2e dimensions and with 't Hooft mass 
scale ijl). 

ii) External scalar pair (j)};, 
For the case of a pair of external scalar fields (f)k, (f)i, the subamplitude for the r.h.s. of the 
diagram fig. 3(c) is 

ig{2p -k + Q)iRir ^_j^y^_^2^i^ ^9{'2^P - k)/3Rrk- (15) 

As in the case of fermions, the pinch parts of this subamplitude are generated by factors 
of four-momentum k^^ and {k + q)'^ multiplying this expresion. Using k^{2p — k)^ = 
— — [{p — k)^ — M^] and p'^ — = for the on-shell incoming scalar particle, the 
pinch part due to a factor k^ is 

ig\2p-k + q\{R'R%k- (16) 

Similarly, using {k + q)^{2p-k + q)^ = {p + qf - M"^ -[{p-kf - M^] and {p + qf-M^ = 
for the on-shell outgoing scalar particle, the pinch part due to a factor {k + q^ is 



ig\2p-k)p{R''R%k. (17) 

a/37 



Adding these contributions due to the part T^g of the triple gauge vertex and using 



fo-bcj^cj^b _ — '^iJSiR"' gives the pinch part fig. 3(d) of the diagram fig. 3(c): 

f (Pk 1 

Fig. 3(c)|pinch = -ig'Nf^'^ J fc2(fe+ )2 ^5(2p + q)aRtk- (18) 
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iii) External gauge boson pair A^, 
For the case of a pair of external gauge boson fields A", the subamplitude for the 
r.h.s. of the diagram fig. 3(e) is 

gr^m -p + qU^P + i2p-k + q)^, + {-p-k- 2qrg,^] 

^ (pZl)2 g/"''[(2fe - P)^9p^ + (-P - k)p9p^^ + (2P - k)pg^p\. (19) 

Exactly as in the fermion and scalar cases, pinch contributions are generated by factors of 
and {q + k)"i multipying this expression. Using = and (p + q)"^ = for the on-shell 
incoming and outgoing external gauge bosons, these factors give respectively 

ig^rT'm -P + qU,' + i2p-k + q)y, + i-p-k- 2qYg,^]g,p (20) 

and 

igT'n^i^k - p)^gpp + {-p - k)pgp^ + (2p - k)f,g^p]gP,. (21) 

However, there is also a pinch term generated within the subamplitude itself from the 
contraction {—p — k — 2q)f{—p — k)p = {p — fc)^ + Akp + 2pq + 2qk in eq. ([T9|). This 
generates a pinch term 

-igT'n'gu.gp^. (22) 

independent of any other factors in the overall amplitude. 

Adding the two contributions due to the part E^^^ of the triple gauge vertex and 
the contribution proportional to the full triple gauge vertex E^,^^ and using the identity 
j-abcjncrjmrb ^ ij^janm gj^^g ^j^^ pj^^^ p^^^.^ f^g^ 3(^f^ q£ ^j^^ diagram fig. 3(e): 



Fig. 3(e) Ipinch = -ig^Nfi^' J 



(Fk 



{2tiY k'^{k + qf 
X3r'""[(2p + g)«5^, + {-2q-p)^g,^ + {q - p),ga,.]- (23) 

iv) External gauge boson triple A'-^, A^, A^ 
Eor the case of three external gauge boson fields A^, A^, A^, there are three distinct 
diagrams figs. 3(g), (h) and (i) which must be taken into account. Eor the first of these, 
fig. 3(g), the subamplitude for the r.h.s. of the diagram is 

-ig^if'T^x-ygus - gxsguj) + r'T%gxug,6 - gx-yg^s) + f'T^gx^g-ys - gxsgu^)] 

^ J^^9f ""'[{2k - p),g% + {2p - k)pg^' + {-p - kfg^,]. (24) 
The pinch part of this subamplitude is generated by a factor k^ from E^^^, which, using 
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= for the on-shell gauge boson A™, gives 

+ r'T\gxuga^-gx,.g.a)]. (25) 

For the second of the diagrams, fig. 3(h), the subamphtude for the r.h.s. of the diagram is 

-ig-'lf^bf^^g^^gps - g^sgpx) + f""" r'\g^^pgxs - g^ixgps) + r"''r"'ig^.pgxs - g^^sgpx)] 

gf''''[{-p-2q-r-k)^g,^ + i2p-k + q+2r)^g^, + {2k-p+q-r),g^% (26) 



{p — k + r)^ 



The pinch part of this subamphtude is generated by a factor {k + qy from T^^^, which, 
using (p + g + r)^ = for the on-shell gauge boson A", gives 

g^r'"'f"'^[r''r'\9^xga. - g^.g^x) 
+nTig,agx 

+ r''r''\g,.agxu-g^.gax)]. (27) 

Lastly, for the diagram fig. 3(i), the subamphtude for the r.h.s. is 

• 2r frmn rrcd /• \ , frmdfrnc/ \ , frmcfrnd/ \-\ 

-w [j J {gix-ygv5-g,isgyy) + J J [giMug-f5-gi,ygu5) + J j {gni^g-ts-gns9,yy)\ 

""-^pzn^an-k - r) V + (2^ - k)pgx' + {2k - r)xg'p]. (28) 

The pinch term for this subamphtude is generated by a factor k^ from F^^^, which, using 
= for the on-shell gauge boson A''^, gives 

„i fdbc fbld\ frmn frcd( „ _ ^ n \ 

g J J [J J {giJiagvx - gnxgua) 
+r^'^r^'^{gixvgcxx — g^iagux) 
+ nT\g,..gax - g^xgua)]. (29) 

Defining the group-theoretic quantity 

f{ahcd) = f^kl jblm ^cmn ^dnk (3q) 

there then exist the following identities: 

f{ahcd) = f{bcda) = f{hadc) (31) 
fiabcd) - fiabdc) = -iA^/«6"/cdn. (32) 
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Using these identities, the three pinch terms proportional to eqs. (^), (p7|) and (^) may 
be combined to give the pinch part fig. 3(j) of the diagrams figs. 3(g), (h) and (i): 



Figs. 3(g) + (h) + (i)|pi,eh = -ig^Nfi^' J 



+ rmfrln^g^^g^^_g^^g^^^^^ ^^^^^ 



v) External scalar and gauge boson triple 4>k, </>/, A"^ 
Finally, for the case of three external scalar and gauge boson fields (pk, <i>u ^jTi there are 
again three diagrams, figs. 3(k), (1) and (m), which contribute. In an exactly similar way 
to the previous cases, pinch parts are generated by factors A;^ and {k + q)'^ from F^^^. 
Adding these contributions gives the pinch part fig. 3(n) of the diagrams figs. 3(k), (1) and 
(m): 



Figs. 3(k) + (1) + (m)lpinch = -ig^Nfi^' J 



(F'k 



{2TT)-^k'^{k + qf 
x-ig''{R\R^}ik9c.^.- (34) 

We see that in each case, the pinch part eqs. (14), (|l8[), (p^), ( p3| ) and ( p4[ ) is given 
by the tree level Feynman rule from fig. 2 for the gauge boson A% coupling to the given 
external particles, multiplied by the same function of g^. Given that all other diagrams 
have zero pinch part, the universality is therefore proved. 

The gauge-independent universal FT self-energy is now obtained by adding the pinch 
contribution, multiplied by an inverse propagator iq^ and a factor two (since it occurs on 
each side of the diagram) , to the conventional self-energy: 

^tl{q') = ^m = 1, + '^^9'^'' [ ,ft,..,'' ^. • (35) 



(27r)" k^{k + q)2' 

At asymptotic q'^, this FT self-energy has the behaviour expected from the RG P function. 

4. It has been shown here how the S-matrix FT may be extended to include as external 
particles all five of the different combinations ipiil^j, 4>k4>ii ^™^") ^a^™^" ^'^d cpk'^iA'^ 
to which the gauge boson couples at tree level. The universality of the FT one-loop 
"effective" gauge boson two-point function has then been demonstrated explicitly. 

The interest of this result is that it indicates how the concept of a gauge-independent 
effective charge g^q'^) valid at all q"^, not just the asymptotic region governed by the RG 
P function, may be extended from abelian QED, where it arises naturally, to non-abelian 
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gauge theories. The crucial point is the recognition that the required quantity is the "ef- 
fective" two-point function 11^^ defined between any two tree level vertices involving A"^ 
and A^. That this is precisly the quantity constructed in the PT is the PT's distinguish- 
ing feature. In order, however, to promote this effective charge to a generally apphcable 
method for accounting for a well-defined, infinite subset of gauge-independent diagrams, 
it is necessary to demonstrate that the PT "effective" two-point function remains simu- 
laneously gauge-independent and universal in processes involving off-shell external fields. 
If, as seems likely, both these properties persist, then this effective charge would have im- 
mediate applications in QCD renormalon calculus and, when extended to broken theories, 
in electroweak phenomenology. Work is under way in this direction. 

I wish to thank Eduardo de Rafael for many useful discussions. This work was sup- 
ported by EC grant ERB4001GT933989. 
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Figure Captions 



Fig. 1. (a) The conventional one-loop gauge boson two-point function contribution 
to the four-fcrmion process ViV'i' ~^ i^ji^j'- (b)-(g) The remaining one-loop diagrams 
involving gauge bosons (the external leg corrections associated with (d) are not shown), 
together with their pinch parts, (h) The PT gauge-independent "effective" gauge boson 
two-point function. 

Fig. 2. The Feynman rules for the five different sets of fields to which a single gauge 
boson A"^ couples at tree level. 

Fig. 3. The Feynman diagrams giving pinch parts in the Feynman gauge for the five 
different sets of external fields ipii/jj, <t)k<i>i, A^A^, A\A^A^ and <t)k(t>iA^. 
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"X/X/X/X/N/X/N/X. 

+ reversed diagram 
(d) 
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+ reversed diagram 
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+ reversed diagram 
(e) 

^jnA/X/X/XAx^ 
^^A/X>'X/Xy'X/^ 

(g) 




(h) 



Fig. 1 
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Fig. 3 




Fig. 3 cont'd 
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